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Behavior of the Wasserstein distance between the empirical and 
the marginal distributions of stationary a-dependent sequences 
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Abstract 

We study the Wasserstein distance of order 1 between the empirical distribution and the 
marginal distribution of stationary a-dependent sequences. We prove some moments inequalities 
of order p for any p > 1 , and we give some conditions under which the central limit theorem holds. 
We apply our results to unbounded functions of expanding maps of the interval with a neutral 
fixed point at zero. The moment inequalities for the Wasserstein distance are similar to the well 
known von Bahr-Esseen or Rosenthal bounds for partial sums, and seem to be new even in the 
case of independent and identically distributed random variables. 
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1 Introduction 


Let (Vi)igz be a stationary sequence of integrable real-valued random variables, with common 
marginal distribution p. Let p„ be the empirical measure of {AT,..., X n }, that is 




In this paper, we study the behavior of the quantity Wi(p„,p) for a large class of stationary 
sequences, where Wi(pi, p 2 ) is the Wasserstein distance of order 1 between two probability mea¬ 
sures pi , P 2 having finite first moments. The precise definition is as follows: 


Wi(pi,p 2 )= inf \x-y\-n-{dx,dy), (1.1) 

7reM(^i, M2 ) J 

where M(pi,p 2 ) is the set of probability measures on R 2 with marginal distributions pi and p 2 . 
The distance Wi belongs to the general class of minimal distances, as the total variation distance. 
Since the cost function ci(x,y) = \x — y\ is regular, Wi can be used to compare two singular 
measures, which is not possible with the total variation distance, whose cost function is given by 
the discrete metric Co(x,y) = 1 x ^ y . 

The quantity Wi(p n ,p) appears very frequently in statistics, and can be understood from 
many points of view: 
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The well known dual representation of W\ implies that 


W\(p n ,p) = sup 
fe Aj 


X] (f(Xk) - /*(/)) 


( 1 . 2 ) 


where Ai is the set of Lipschitz functions / from K to K such that \f(x) — f(y )| < \x — y\. 
Hence, Wi(y„, /x) is a measure of the concentration of /x n around /x through the class Ai. 

In the one dimensional setting the minimization problem 0 can be explicitely solved, and 
leads to the expression 


WT(/in,M)= ( \F-\t)-F- 
Jo 


l (t)\dt , 


(1.3) 


where F„ and F are the distribution functions of /x„ and p , and F^ 1 and F~ 1 are their usual 
generalized inverses. Hence Wi(/x„,/x) is the L 1 -distance between the empirical quantile 
function F^ 1 and the quantile function of p. 

• Starting from (|1.3|), it follows immediately that 


J 


W'i(Mn,At)= / \F n (t)-F(t)\dt. 


(1.4) 


Hence Wi(p n ,p) is the L-distance between the empirical distribution function F n and the 
distribution function of p. 


At this point, it should be clearly quoted that, if (1.31 and (1.41 have no analogue in higher 


dimension, the dual expression (1.21 is very general and holds if the AVs take their values in a 


Polish space X, as soon as the cost function c is a lower semi-continuous metric (the class Ai 
being the class of 1-Lipschitz functions from X to R with respect to c). 

Assume now that the sequence (A';)i 6 z is ergodic. Since p has a finite first moment, it is well 
known that Wi(p n ,p) converges to zero almost surely, and that E(Wi(p n , p)) converges to zero 
(this is a uniform version of Birkhoff’s ergodic theorem, which can be easily deduced from the 
Glivenko-Cantelli theorem for ergodic sequences). However, without additional asumptions on p 
the rate of convergence can be arbitrarily slow. 

The purpose of this paper is to give some conditions under which the central limit theorem 
(CLT) holds (meaning that yfnWi(p n , p) converges in distribution to a certain law), and to prove 
some inequalities for ||ITi(/r ri ,/x)|| p when p > 1 (von Bahr-Esseen type inequalities for p £ (1,2) 
and Rosenthal type inequalities for p > 2). We will do this for the class of ct-dependent sequences, 
which is quite natural in this context, since the related dependency coefficients are defined through 
indicator of half lines. Hence our results apply to mixing sequences in the sense of Rosenblatt [25], 
but also to many other dependent sequences including a large class of one dimensional dynamical 
systems. We shall illustrate our results through the examples of Generalized Pomeau-Manneville 
maps, as defined in [9|. 

The central limit question for \FnWi(p„, p) has been already investigated for dependent se¬ 
quences in the papers by Dede [7] and Cuny [6] (see Sections [4] and [5] for more details). This is not 
the case of the upper bounds for \\Wi(p n , p)\\ P , even for sequences of independent and identically 
distributed (i.i.d.) random variables (except for p = 1, see for instance [1]). Hence, for p > 1, our 
moment bounds seem to be new even in the i.i.d. context. 

Thanks to the relation (1.41, the central limit question for y/nW\{p, n , p) is closely related to 


the empirical central limit theorem in L 1 (dt), as first quoted by del Barrio, Gine and Matran [Sj. 
We shall deal with the more general central limit question for L 1 (m)-valued random variables 
in the separate Section [4] In Section [5j we shall express some of our conditions in terms of the 
quantile function of A'o, in the spirit of Doukhan, Massart and Rio m■ It will then be easier to 
compare our conditions for the CLT to previous ones in the literature. 

For r > 1, the quantity Wr (/i n , /x) may be defined as in 0 , with the cost function c r (x , y) = 
\x — y\ r instead of ci (W r is the Wasserstein distance of order r). In the i.i.d. case, some 
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sharp upper bounds on E(W^(n n , A 1 )) are given in the recent paper |Jj. In particular, if p has 
an absolutely component with respect to the Lebesgue measure which does not vanishes on the 
support of p, then the optimal rate n~ r ^ 2 can be reached. But in general, the rate can be much 
slower. Note that for W^T(/r n , j u) there is no such nice dual expression as ( |1.2| . However the 
minimization problem can still be explicitely solved and implies that p) is the IZ-distance 

betw een F^ 1 and T -1 . There is no simple way to express W/ (p n ,p) in terms of F n and F (as in 
(1.41), but the following upper bound due to Ebralidze [T3] holds: 


J 

Jr 


Wr{[Mn,H)<Kr / \x\ V 1 | F n (x) - F(x) \ dx , 


(1.5) 


where K r = 2’ 1 r. Starting from this inequality, we shall also give some upper bounds on 
\\Wr(Hn, m)IIp f° r P > 1 , but it is very likely that these bounds can be improved by assuming the 
existence of an absolutely regular component for p, as in [3]. 

To be complete, let us mention the recent paper by Fournier and Guillin [15], who give some 
upper bounds for E(W/ (fin, ft)) in any dimension, starting from an inequality which can be viewed 
as a d-dimensional analogue of (1.51. Note that the case of p-mixing sequences is also considered 
in this paper. 


2 Definitions and notations 

In this section, we give the notations and definitions which we will used all along the paper. 

Let us start with the notation a n -C b n , which means that there exists a numerical constant 
C not depending on n such that a n < Cb n , for all positive integers n. 

2.1 Stationary sequences and dependency coefficients 

Let (fi, A, P) be a probability space, and T : S2 H > 12 be a bijective bi-measurable transformation 
preserving the probability P. Let J-q be a sub-rr-algebra of A satisfying To C T~ 1 {To ). We say 
that the couple (T, P) is ergodic if any A £ A satisfying T(A) = A has probability 0 or 1. 

Let Xq be an J^-measurable and integrable real-valued random variable with distribution fi. 
Define the stationary sequence X = (Xi)iez by X, = Xq o T 

Let us first define the tail and quantile functions of the random variable Xq. 

Definition 2.1. The tail function H : R + —> [0,1] of Xo is defined by H(t) = P(|Xo| > t). The 
quantile function Q : [0,1] —> R + of Xo is the generalized inverse of H, that is 

Q(u) = inf {t > 0 : /(f) < m} . 

Let us now define the dependency coefficients of the sequence (A';); 6 z. These coefficients are 
less restrictive than the usual mixing coefficients of Rosenblatt [25| . 

Definition 2.2. For any integrable random variable Z, let Z 1 ' 0 ' 1 = Y — E (Z). For any random 
variable Y = (Li, • • ■ ,Yk) with values in R fc and any cr-algebra T, let 

a(T, Y) = sup 

(x 1 : ...,x k )£W k 

For the stationary sequence X = ( Xi)t e z , let 

Qt.x(n) = max sup a(T 0 , (X h ,..., X i( )). (2.1) 

l<l<k „<i 1 <...<i l 

Note that a\ ,x(n) is then simply given by 

«i,x(n) = sup ||E (lx„<x|X 0 ) - F(a;)|| 1 , (2.2) 

where F is the distribution function of p. 


E 


IK 1 ' 


x(0) 


x)-e(II(i. 

j'=i 


n(0) 
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All the results of Section [3] below involve only the coefficients ai,x(n), except for the Rosenthal 
bounds (Subsection |3.4| ) for which the coefficient ct 2 ,x(?i) is needed. 

2.2 Intermittent maps 

Let us first recall the definition of the generalized Pomeau-Manneville maps introduced in [9]. 
Definition 2.3. A map 9 : [0,1] —> [0,1] is a generalized Pomeau-Manneville map (or GPM map) 
of parameter 7 £ (0, 1 ) if there exist 0 = yo < yi < ■ ■ ■ < yd = 1 such that, writing I k = (j/fc, yk+i), 

1. The restriction of 9 to Ik admits a C 1 extension 9( k ) to I k . 

2. For k > 1, #( fe ) is C 2 on I k , and |#(*,)! > 1. 

3. 9(o) is C 2 on (0,t/i], with 9' (0 - ) (x) > 1 for x £ (0,yi], 0] O )(O) = 1 and 9” 0 )(x) ~ ex ’ 7-1 when 
x —> 0, for some c > 0. 

4. 9 is topologically transitive. 

The third condition ensures that 0 is a neutral fixed point of 9, with 9{x) = a; + c , a; 1+7 (l-|-o(l)) 
when x —¥ 0. The fourth condition is necessary to avoid situations where there are several 
absolutely continuous invariant measures, or where the neutral fixed point does not belong to the 
support of the absolutely continuous invariant measure. 



Figure 1: The graph of a GPM map, with d = 4 


The following well known example of GPM map with only two branches has been introduced 
by Liverani, Saussol and Vaienti HU: 


9{x) = 


x(l + 2’ y x 1 ) 
2x-l 


iix£ [0, l/2[ 
if x£ [1/2,1], 


(2.3) 


As quoted in [9], a GPM map 9 admits a unique invariant absolutely continuous (with respect 
to the Lebesgue measure) probability v with density h. Moreover, it is ergodic, has full support, 
and x^h(x) is bounded from above and below. 

We shall illustrate each result of Section [ 3 ] by controlling, on the probability space ([0,1], v), 
the quantity p), where 

1 " 

fin = — ^ ' bqoe k 1 (2-4) 

n z —' 

k = l 

9 is a GPM map, g is a monotonic function from (0,1) to R (which can blow up near 0 or 1), and 
p is the distribution of g. 


4 



To do this, we go back to the Markov chain associated to 9 , as we describe now. Let first I\ 
be the Perron-Frobenius operator of 9 with respect to v, defined as follows: for any functions u, v 
in L 2 ([0, 1],u) 

v(u ■ v o 9) — u(K(u ) • v). (2-5) 

The relation (2.51 states that K is the adjoint operator of the isometry U lUrtaoS acting on 
L 2 ([0,1], v). It is easy to see that the operator K is a transition kernel, and that v is invariant by 
K. Let now Y = (Y)i>o be a stationary Markov chain with invariant measure v and transition 
kernel K. It is well known (see for instance Lemma XI.3 in m that on the probability space 
([0,1], v), the random vector (9, 9 2 ,..., 9 n ) is distributed as (Y„, Y n - i, ..., Yi). 

Let T be the shift operator from [0, l] z to [0, l] 1 " defined by ( T(x))i = Xi+ 1 , and let 7Ti be the 
projection from [0, l] z to [0,1] defined by 7Tj(Y) = Xi. By Kolmogorov’s extension theorem, there 
exists a shift-invariant probability P on ([0,1] , (i3([0, l])) z ), such that n = (ni)i>o is distributed 
as Y. 

Let then Xo = g o 7ro and Xi = Yo oT' = gom, and define To = a(ni, i < 0). From the above 
considerations, we infer that the two random variables gf (defined on the probability space 

(R Z ,P)) and Wi(p . n , A 1 ) (defined on the probability space ([0,1], u)) have the same distribution. 
Hence, any information on the distribution of Wi(g„, g) can be derived from the distribution of 

a0- 

From Proposition 1.17 (and the comments right after) in [9], we know that for any positive 
integer k, there exist two positive constants C and D such that, for any n > 0, 


D 


nl 1 —d/7 


Otk,n (n) 


C 


j(l— f)/-y 


Since Xi = g o m, and since g is monotonic, it follows immediately that 

Q 

«fc,x(n) < a k ^{n) < n{l ^ )h ■ 

This control of the coefficients afc,x(n) (for k = 1 or k = 2) and a control of the tail z/( 
are all we need to apply the results of Section [3] to the random variable Wi(p, n , A 4 )- 


( 2 . 6 ) 
I > t) 


3 CLT and moment bounds 

In all this section, we use the notations of Sections 1 and 2. 


3.1 Central limit theorem 

Our first result is a central limit theorem for Wi(g„, ii). It is a straightforward consequence of a 


(it suffices to consider the case where m is the Lebesgue measure on R and to use the continuous 
mapping theorem). 

Proposition 3.1. Assume that the couple (T, P) is ergodic, and that 


CLT in L 1 (m) for the empirical distribution function given in Proposition 


4.2 


of Subsection 


4.4 



dt < oo. 


(3.1) 


Then ^fnW\ (fj ,„, fi) converges in distribution to the random variable f |G(t)| dt, where G is a 
Gaussian random variable in L 1 (dt) whose covariance function may be described as follows: for 
any f,g in Lo^aO, 


Cov (^J f(t)G(t)dt, J g(t)G(t)dt^j = ^ f{t)g(s)(l Xo <t - F{t))(l Xk < s - F(s)) dtds^j . 


(3.2) 
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Remark 3.1. Let m be a nonnegative integer. As usual, the stationary sequence X is in¬ 
dependent if a(Xi,i < 0) is independent of a(Xi,i > m + 1), and m = 0 corresponds to the i.i.d. 
case. In the m-dependent case, the condition (3.1 1 becomes simply 


POO _ 

/ \/H{t) dt. < oo , 

Jo 


(3.3) 


which is exactly the condition given by del Barrio, Gine and Matran [3] in the i.i.d. case. Note 
that these authors also proved that, in the i.i.d. case, the condition ( |3.3| ) is necessary and sufficient 
for the stochastic boundedness of y/nW\ (fin, p). 

In the dependent context, other general criteria have been proposed by Dede [7] and Cuny [ 6 ]. 
We shall discuss these conditions in Sections [4] and [5j and show that, in the a-dependent case, 
the condition (3.1 1 is weaker than the corresponding condition obtained by applying the criteria 


by Dede or Cuny. 

Example. Let 0 be a GPM map of parameter 7 £ (0,1/2), with absolutely continuous invariant 
probability v. Let \x n be defined as in ( |2.4[ ), where g is a monotonic function from (0,1) to 
R. Let then (X;)iez be the stationary sequence constructed in Subsection 2.2, whose dependency 
coefficients a^,x (u) satisfy ( |2.6[ > . Note that H(t) = P(|Xo| > t) = v{\g\ > t). From Subsection 2.2, 
Proposition 3.1 and Item 3 of Proposition 5.3 we infer that \/nWi(jj, n 


, g) converges in distribution 
to the random variable f \G(t)\dt, where G is a Gaussian random variable in L 1 (dt) as soon as 


{H(t))Fj^Fdt< 00 . (3.4) 

As a consequence: 

1. If g is positive and non increasing on (0, 

9< ' X ' ) ~ x (i-27)/2|i n (a;)|ft 

then ( |3.4| holds. 

2. If g is positive and non decreasing on (0, 1), with 


1 ), with 

near 0, for some C > 0 and b > 1 , 



g{x) < 


C 


(f_ a; )( 1 -2 7 )/(2- 2 7 )|in(i_ a; )|i> 


near 1, for some C > 0 and b > 1, 


then (|3.4| holds. 


Recall from (1.2 1 that Wi(/tn,/r) = sup^ gAl \jin{f) — p{f) |, so that the condition (3.41 allows to 
control the supremum of — p(f)) over the class Ai. Now if we only want a central 

limit theorem for — p{f)) where / is an element of Ai, then it follows from [9] that the 

condition 

^ 1-27 

t(H(t)) 1 ~~< dt < 00 . (3-5) 


F 


is sufficient. For the two simple examples above, this would give the constraint b > 1/2 instead 
of b > 1 . 


3.2 Upper bounds for moments of order 1 and 2 

In this section, we give some upper bounds for the quantities E(Wi(fj, n , p)) and \\Wi(pn, /^)||2 in 
terms of the coeffcients ai,x(fc) and of the tail function H. For any t > 0, let 


S a ,n(t) = ^min{ai,x(fc),R(t)} . (3.6) 

k =0 
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Proposition 3.2. The following upper bounds hold: 


E(Wi(p n ,p)) < 4 J y min j (H (f)) 2 , j , 


and 


r\ fK n OO 

||Wl(/U„,/lt)||2 < —7=- / V S <x,n{t) dt . 

V n JO 


(3.7) 


(3.8) 


Remark 3.2. As will be clear from the proof, one can also get some upper bounds involving 
the quantity B(t) = F(t)( 1 — F(t)) instead of H(t). For instance, we can obtain an extension 
of the upper bound given in Theorem 3.5 of [3] to a-dependent sequences. We have chosen to 
express the upper bounds in terms of the function H, because they are easier to compute in the 
a-dependent case (see Remark |3.4| below). 

The proof of Proposition |3.2| is based on the following elementary inequality applied to p = 1 
and p = 2: 


For any p > 1, 


J \F n (t)-F(t)\ dt < j \\F n (t) - F(t)\\ p dt. 


One could also start from this inequality in the case where p £ (1,2) (resp. p > 2) by applying a 
von Bahr-Esseen bound (resp. a Rosenthal bound) to \\F n (t) — F(t)|| p . However, this would give 
less satisfactory bounds than in Subsections |3.3| and |3.4| even in the i.i.d. case. For instance, in 
the i.i.d. case and p £ (1, 2), this would give 


l|W / i(Mn,M))ll? « Jzj (/ ( H(t)) 1/p dt 


(3.9) 

Note that the condition f {Hifif) 1 p dt < oo is more restrictive than ||Xo|| p < oo. Hence the upper 
bound (3.241 of Subsection |3.3| is always better than (3.91. 


Remark 3.3. Starting from Inequality (1.51 and following the proof of Proposition 3.2 we obtain 
the upper bounds 


E(Wf(p n ,p)) <4 J t r 1 ymin | j dt, 


and 


\\wf(p n ,p)\\ 2 < ^ rt^VsZMdt. 

V n Jo 

Remark 3.4. As a consequence of Proposition |3.2| the following upper bounds hold: 

1 . If (3Ti holds, then \\Wi(p n , p )\\2 n 

2. If a(k) = 0(k~ a ) for some a > 1, then 


(3.10) 

(3.11) 


- 1/2 


E(W 1 {p n ,p)) < 


Q(u)du + 


u 


Q{i 


+i 
+ 1 U 2a 


du 


(3.12) 


and 


||Wi(/x„ jM )|| a « 


rn 

Jo 


Q(u) 


du + 


I /" Q(u) 

Spn> J n~ a 1 i"S" 


du 


3. If a(k) = 0(a k ) for some a < 1, then 


E(Wi(p n , p)) < 


a 


Q(u)du H- — . 

\fn JMsl 


j: 


Q(u)\ ln(u)| 


and 


\\W 1 (p n ,p)\\ 2 < Ij 


Q(u) 1 

——du H- - 

Ju Jn 


L 


\fu 

1 Q( u )\ ln(w)| 


du 


du 


(3.13) 
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4. Assume that the a*/ s converge to zero, but are not summable, and let 


1 71 

Un — / a k • 

k=1 


Then 


and 


pv 

Jo 


Q(u) du , 

(3.14) 

Q Mdu. 

A JU 

(3.15) 


Remark 3.5. In the ra-dependent case, the inequality (3.12) holds with a = oo, that is 

E(lTi(/x n ,M))< ( r Q(u)du H—5= f 1 ^)-du) . 

V n Jn - 1 V« y 

In particular, if fd(t) = 0(i _ 1 (ln(t)) _a ) for some a > 1 (which implies that E(|Xo|) < oo), then 
Q(u) = 0{u~ 1 \ ln(u)| _a ), and consequently 

K(Wl(fJ,n, fi)) < 


(ln(n))° 


Example (continued). We continue the example of Subsection 3.1 
1. If g is positive and non increasing on (0, 1), with 

Q 

g(x) < —j near 0, for some C > 0 and 6 G [0,1 — 7 ), 


then Q(u ) < Du b ^ 1 ^ for some D > 0. Applying (3.12 1 -( 3.131 and (3.14)-(3.151, the 
following upper bounds hold. 

For 7 G (0,1/2), 




if b < (1 - 2 7 )/2 
E(W / i(/i r j, g,)) -C ^ n -1 ^ 2 ln(n) if b = (1 — 27)/2 


b+7-1 


and 


,-l/ 2 


if b > (1 - 2 7 )/ 2 , 
if b< (1 — 2 7 )/2 


||W / i(/t rl ,/i )||2 < ( n 1/2 In(n) if 6 = (1 — 27)/2 

n (26+ 7 -i)/2 7 if ^ _ 2 7 )/ 2 < b < (1 _ 7 )/ 2 . 


For 7 = 1/2, 

E(Wi(/i„,/i)) < 

For 7 G (1/2,1), 


ln(n) 


, and ||lFi(/t n ,/r )|| 2 < 


/ ln(n) 

V n 


if b < 1/4. 


b+y-1 26 +- 7-1 

E(VFi(/t„,/r)) < n 2 ~t , and ||Wi(/t„,/i)|| 2 < Cn 2 r if £> < (1 — 7)/ 2 - 
2. If g is positive and non decreasing on (0, 1), with 

(j 

g(x ) < --— near 1, for some C > 0 and b G [0,1), 

(1 — x) 
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then Q(u ) < Du b for some D > 0. Applying (3.12 H3.131 and (3.141-(3.15 I, the following 
upper bounds hold. 

For 7 e (0,1/2), 

'n~ 1/2 if b< (l-2 7 )/2(l-7) 

E(Wi(jln, At)) ■( n _1 ^ 2 ln(n) if b = (1 — 27 )/ 2 (l — 7 ) 
l ( 7 -i)(i- 6 ) if b > (1 _ 2 7 )/ 2 (l - 7 ), 


and 


n “ 1/2 if & < (1 — 2 7 )/ 2 (l — 7 ) 


\\Wi(iln, n)\\2 { n 1/2 In(n) if b = (1 — 27)/2(l — 7) 

■j( 7 -i)(i- 26 )/ 2 7 if _ 2 7 )/2(l - 7) < 6 < 1/2. 


For 7 = 1/2, 

e(vFi(A™>m)) < 

For 7 G (1/2,1), 


ln(n) 


and ||VFi(/tn,/i )||2 < 


ln(n) 


if 6 < 1 / 2 . 


(7-l)(l-M , ( 7 —1)(1 —2b) 

E(VFi(/i n ,/r)) < n , and ||lFi(/t n ,/r)|| 2 < n 2 -> if 6 < 1/2. 

Proof of Proposition [332) Starting from ( |1.4[ ), we immediately see that 

E(VFi(/x n ,/u)) < J \\F n (t) — F(t)\\i dt and < J \\F n (t) - F(t)\\* dt. (3.16) 

Let B(t) = F(t)( 1 — F(t)), and note first that 

|| F n (t) - F(f)||i < ||lx 0 <i - F(t)\\i = 2 B(t) . (3.17) 

On another hand 

1 9 n 

||P„(t) - F(f)||? < ||F„(t) - P(t)||! < —Var(lx 0 <t) + - ^ |Cov(l A - 0 < t , l. Yfc < t )| . (3.18) 


Now, the two following upper bounds hold: 

|Cov(lA' 0 <t, l.Y fc <t)| < ||E(ljY fe <t|-Fo) — P(t)||l < Ol,x(fc) , 
|Cov(lA' 0 <t, l.Y fc <t)| < Var(lA 0 <i) = B(t ). 

From ( |3.17| ), ( |3.18| ), ( |3.19[ ) and ( |3.20[ ) it follows that 


(3.19) 

(3.20) 


1 

II Fn{t) - P(t)||i < 2 min|(B(t)) 2 , - ^ min (ai,x(fe), B(t)} | 

\ 71 k =0 


and 


\\F n (t) - F(t)h < 


1 


2 _^ 

- V min (ai.x(fc), B(t)} . 

n • 


These two upper bounds combined with (3.161 imply that 


/ I 

min|(5(t)) 2 , - ^min{ai,x(/c),B(t)} | dt 
\ 71 k =0 

< 4 J o \/min{(i7(t)) 2 , dt 
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and 


VI/ 


\\Wi{n n ^)h<sj- 

which are the desired inequalities. 


n o fc\ roo 

, V'min{ai, x (fe),B(t)} dt < —=■ / \JS a , n {t) dt , 
\ fcO V" /> 


3.3 A von Bahr-Esseen type inequality 

In this section, we give some upper bounds for the quantity || Wi(/U n ,/n)|| p whenp £ (1,2) in terms 
of the coefficients «i,x(fc) and of the quantile function Q. For u £ (0,1), let 


l,x( W ) ^ lu<a! ,x( fc ) * 
fe=0 


Proposition 3.3. For p £ (1,2), the following inequality holds 

\\Wi(nn,^)\\p < f Q (°Tx( w ) A n) v ~ 1 Q p {u)du. 
Note that Inequality (|3.22[) writes also 


(3.21) 


(3.22) 


1 n 

\\w 1 (i ln ,n)\\ p p c-— I Yl 


nP~ L ^ 0 {k+ l) 2_p 


L 


“i,x(*) 


Q p (u)du. 


Remark 3.6. Let r > 1 and p £ (1,2). Starting again from (1.51 and following the proof of 
Proposition |3.3| we obtain the upper bound 


II # 1 ) 115 « 


nP- 1 I (a; * 


( u)/\n) p 1 Q pr {u)du. 


Remark 3.7. In the m-dependent case, Inequality (|3.23[) becomes 


|Wi(p„,m)II£« ^zi\\X 0 \\*. 


(3.23) 


(3.24) 


This inequality seems to be new even in the i.i.d. case. It is noteworthy that the upper bound 
(3.241 is the same as the moment bound of order p for partial sums of i.i.d. random variables, 
which can be deduced from the classical inequality of von Bahr and Esseen [2]. 


Example (continued). We continue the example of Subsection 3.1 


1. Let p £ (0,1), and let g be positive and non increasing on (0, 1), with 

Q 

g(x) < — near 0, for some C > 0 and b £ [0, (1 — q)/p). 


Applying Proposition |3.3[ the following upper bounds hold. 

For 7 £ (0,1/p), 

1 (i-p)/p if b < (1 — pq)/p 

\\Wi(fin,ia))\\p « (n (1 ~ p) ln(n)) 1/p if b = (1 - pq)/p 


n 


(pb+'Y— 1)/P7 


if b > (1 — pq)/p. 


Moreover, if b = (1 — pq)/p, Proposition 3.4 below gives the upper bound 

P(Wi(p n ,p) > *) <c 1 


nP~ 1 x p 


(3.25) 


For 7 £ [1/p, 1), ||WT(£n,M))l|p « n^ pb +^' p F 
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2. Let p £ (0,1), and let g be positive and non decreasing on (0, 1), with 


g(x) < 


C 

(1 — x) b 


near 1, for some C > 0 and b £ [0,1/p). 


Applying Proposition |3.3[ the following upper bounds hold. 
For 7 £ (0,1/p), 


( n (i-p)/p 

l|Wi(An,p))|| P « \ Mn)) 1/P 


if b< (1 -P7)/(p( 1 - 7)) 
if b = (1 -P7)/(p(l - 7)) 
if b > (1 -P7)/(P(1 - 7))- 


Moreover, if b = (1 — P7)/(p(l — 7 )), Proposition 3.4 below gives the upper bound (3.25 I. 
For 7 G [1/p, 1), ||M(Pn,p))||p<n ( ^- 1)(1 -^ )/ ^. 


Remark 3.8. The upper bound (3.251 is in accordance with a result by Gouezel na- He p roved 
that, if g is exactly of the form g(x) = x~ (1 ~ pl ^ p and 9 is the LSV map defined by (2.31, then 
for any positive real x, 


lim v 

n—too 



J2 {9 ° ° k - Ks)) 


> x 


n\z P \ > x ), 


\ *;=1 / 

where Z v is a p-stable random variable such that lim^-^oo x p P(\Z p \ > x) = c > 0. 

Proof of Proposition |3.3[ For any n £ N, let us introduce the following notations: 

R n (u) = (min{g G N* : a\ ,x(g) < u} A n)Q(u) and R~ 1 (x) = inf{w G [0,1] : R n (u) < x} . 
The proof is based on the following proposition: 

Proposition 3.4. For any positive integer n, any x > 0, and any p G [1,2[, the following 
inequality holds: 


n r R n O) n r 1 

P (nWiUin, g) > 6x) < ci— / Q(u)du + C 2 — / Rn 1 (u)Q(u)du, (3.26) 

x Jo xV 

where ci = 36 and C 2 = 64(2 — p) _1 . 

Before proving the proposition above, let us see how it entails Proposition |3.3[ We have 


POO 

\\nWi(fin,^)\\p = 6 P P / x p_1 P(nTyi(/^n,M) > 6x)dx. 

Jo 

Therefore applying Inequality (3.261 with p G (p, 2) and using the fact that 

u < R~ 1 (x) 7=> x < R n (u ), 


we get 


\\nWi(p n , f)\\p < 6 p pnci 


fw r 

Jo Jo 


X P 2 1 x<R n (u) dxdu 


+ 6 p pnc 2 f Rn 1 (u)Q(u) f 
Jo Jo 


X P 1 v lx>R n (y.) dxdu , 


which gives the desired result since 1 < p < p < 2. Hence it remains to prove Proposition |3.4| 
Proof of Proposition [3/4] Let 

v = R~ 1 (x), M = Q(v) (3.27) 
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(3.28) 


and set Qm {y) = (y A M) V {—M). For any integer i, let 

X[ = g M (Xi) and X” = X t - X[. 


Starting from (1.21, we first notice that 

n 

nWi(fi„, ji) = sup V (f(Xi)-E(f(Xi))) 

n n 

< sup Y, ( f{X'i) - E(/(*0)) + sup (/(*0 - - E(/(*0 - f(X'))) . 

/e Ai S /e Al fri 


Therefore 

n n 

nw^,^ < sup Y, (/(**') - e(/(*o))+ +E(i- Y ri) ■ 

i =1 i= 1 

Let now 

q = min{fc G N* : o?i,x(fc) <«)An. 

Since R n is right continuous, we have R n (R„ 1 (w)) < w for any w, hence 

qM = R n (v) = RniR^ix)) < x. 


Assume first that q = n. Bounding /(A') — E(/(A')) by 2 M in (3.291, we obtain 

n 

nWi(fi„, fj.) < 2qM + £)(|A£| + E(|A£|)). 

k=1 

Taking into account (|3.31[) this gives 


(3.29) 

(3.30) 

(3.31) 

(3.32) 


P(nWi(/*„,/*) >6*) < ^^E(IX'I). 


Writing <pm(x) = (|a;| — M)+, we have 

n n 

E E (Ki)<E E (<PM(x k )). 

k= 1 k=1 

But Q<p M (x k ) < < 9 |x fc |l[ 0 ,e] < Q 1 ( 0 , «]• Consequently 

1 (cc) 


n ft ^ 

J2 E (\ x k\)<n " Q{u)du. 

-to 


From (3.321 and (3.331, we infer that 

n /■ fl ft 1 ( :c ) 

P(nM 7 i(/i„,/i) > 6*) < — / Q(u)du, 

2x J Q 


(3.33) 


(3.34) 


which then proves the proposition in case where q = n. 

From now on, we assume that q < n. Therefore q = min{fc G N* : au,x(&) < u} and then 
ai,x(g) < v. Starting from (3.291, we first notice that 


> 6s) <P sup V (/(A') - E(/(A'))) > 5* + - V E(|A£|). 

V eA i 1 " 


Therefore taking into account (3.331, 


/ \ 2v 

(nWi(fj, n , /r) > 6*) <P sup (/(A'') — E(/(A.'))) > 5x H-/ Q{u)du . (3.35) 

\ /eAl i=i J x Jo 
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To control the first term on the right-hand side, we first notice that 


n [n/q]q 

sup V (/(X') - E(/(X'))) < sup V (/(X') - E(/(X'))) + 2(n - [n/q]q)M 
/sAi jrt fe Aj fri 


< 



dt + 2 qM. 


Using (3.311, it follows that 


sup V/(X')-E(/(X'))>5z 
/6Ai trT 


For any integer i , define 



iq 

U i(t)= E (l xi <t-E(l n < t )). 

fc=(i-l)9+l 


Consider now the <r-algebras <5; = Xig and define the variables Ui(t) as follows: t/ 2 ;-i(t) = 
U 2i -i(t) - E([/ 2 i-i(t)|C? 2 (i-i)-i) and U 2 ;(t) = U 2i (t) - E(f7 2 i(f)|(?2(i-i))- Substituting Ui(t) to 
Ui(t), we obtain the inequality 


1 / 9)9 


E — E 


[n/ 9 ] 

E ^(*) 


< max 

2<2. 7 <[n/<j] 




+ max 

1<2j —l<[n/g] 




[n/ 9 ] 


+ E \Ui{t) - Ui{t)\. (3.36) 


Therefore 


where 


sup V (/(X)) - E(/(X'))) > 5x < h(n) + I 2 {n) + I 3 (n ), 
^Ai S ' 


(3.37) 


1/9] 


h(n) = E f / E - &(*)l ^ > x 

\ -/R „_i 

E^w 

1 

E U2i-l(t) 


I 2 (n) = P / max 

; 2<2g<[n/g] 


dt > x 


h[n) = 


/ max 

/r —l<[n/g] 


dt > x 1 . 


Using Markov’s inequality and stationarity, we get 

/> 1 _ r M 

h(n) < - / E E(l x ;< f |T,) -E(l x ;< t 

X \ \ / \ / 


, n 
dt = — 
x 


j E |e ~ E (^-x[ <t) | dt. 


But, 


sup ||e (lx'<tl-E'-9) - E II = sup ||E (l gM(Jfl )< t |^-9) - E (l-spCiKt) || x < ai,x(g + 1) , 

tf=R II V 1 / \ 1 / 111 teR 
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where the inequality comes from the fact that gM is a nondecreasing function. Therefore, 


h(n) < — Q(u)ai,x(« + 1) < — vQ(v) < — / Q(u)du . 
X X X J 0 


(3.38) 


We handle now the term I 2 (n) in the decomposition (3.371. Using again Markov’s inequality, we 
get 

3 


h{n) ~ Y 

By Doob’s maximal inequality, 

3 

max YUiiit) 

2 < 2 j<[n/q] 


rQ(v) 

’-Q(v) 


max 

2 < 2 j<[n/q] 




dt 


j[“/9] gin/?] 

< 2 £ ||£r«(*)l|i < 2 Y, II^WH 


Now 


h[n/q\ 


2 £ r«(*)iii < - n 


X] (!x'<t -E (lx'<t)) 


fc = l 
<3-1 


<2n^|E((i 9 M (X 0 )<t E (lflr M (Xo)<*) ) ^ )))l ■ 


Note that since gM is a nondecreasing function, 


SUp |E ((lg M (X 0 )<t ^ ) | 

te r 


< sup |E ((lx 0 <t — E (lx 0 <t)) (lx fc <t — E (lx fc <t)))| • 
te r 


Moreover 

sup |E ((1*0>t - E (lx 0 >t)) - E (lx fc >t)))| 

£GM 

< sup ||E (lx k >t\J r o) — E (lx fc >t)|| 1 = ot i,x(fc) • 

t€R 

On an other hand, the following bound is also valid 

I® ( o)<* _ ^ _ ^ ) ) | 

< Var (i 9M( x 0 )<i) <min{E(l 9M(Xo) < t ),E(l SM(Xo)>i )} . 


So, overall, we get 
h{n) 


2 n 


If"’ (g «i,x(fc) AP( flM (Xo) > t)J + ^ai,x(fc) AP(-9m(T 0 ) > t)j dt 

/ — 1. \ 2 
o / /*QO) /^ _1 \ 2 / 9-1 \ 2 \ 

<4h J ( ^ai,x(fc)AP(|X 0 | >t)J + (^>i,x(fc)AP(|.Y 0 | > t)J dt 1 
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We then derive that 


Hn) < J ^ g(U) 7 dt 


8 n 


Q(v) fq -1 




1/2 


Using the fact that J21=o ^-u<a 1 x (fe) = oq x( M ) A 9> we then get 

v 

dt I 


r , w 8n / f Q <”> 
J 2( n ) ^ / 


/•H(t) 

vq+ ( a i,x( w ) A n) dw 


< ^u g (Q(u)) 2 + ^ 


r Q(v) ( r H(t) 


( a i,x(«) An) du dt 


16n 


/ 


16n 


rQM / /■»(*) 


< - / Q(u)du H-— 


1/2 


(«i x(n) A n) du dt I . (3.39) 


where for the last inequality we have used (3.311 and the fact that vQ(v) < f" Q(u)du, since Q 
is non increasing. To handle the last term on the right-hand side, we proceed as follows. For any 
r/ in [1,2), we first note that 


fH(t) rtnt) ^ f«l t; 

/ («! x ( u )An)dn = / ( a i,x( M ) A n) Q v {u)Q v (u)du<— / (^a i :K {u) A n) Q v (u)du , 

J V J V J v 

where the inequality comes from the fact that u < H(t ) •<==> t < Q(u), and then w < H(t) 
implies that Q~ v (u) < t~ v . Now, since u > v implies that a [~x( M ) < we get 

/ H(t) i rl 

(«r,x(w)An)dii< — (aq,x(v)An) " J (aq,x(«) A n)” 1 Q v {u)du. 
Therefore, since rj/2 < 1, 


rH(i) 


r Q(v) / 


1/2 


(aq,x(w) A n) duj dtj 

<KxW a «) 2 V ( [ t~ v/2 dt ) / ( y R~ 1 {u)Y 1 Q(u)dv 


< 


2-V 


( a i,x( v ) An)" 11 Q 2 57 (w) f (R n 1 {u)y 1 Q(u)du . 

J V 


But, by ( 3.31|) , (aq,x(w) A n)“ 7 Q 2 " l (v) = R„ 1 (v) < x 2 7 . Therefore, 


r Q(v) ( r H(t ) \ 1/2 \ O /■! . 

(y («i.x(m) An) duj dt I < ^ J W) Q(u)du, 


which combined with (|3.39[) gives 


T / \ 16n . , 32n f 1 , i, ,\rj-i . , 

Hn)<—] Q(u)du+ 2 _ ^ J (R n ( w)) Q(u)du. 


(3.40) 
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With similar arguments, we get 


r , \ 16 n 

h(n) < - 

x 


f 


Q(u)du + 


32 n 


f 1 (^(u)) 

J V 


77-1 


Q(u)du. 


x v (2 — if) 

Starting from (3.371 and using the upper bounds (3.381, (|3.40|) and (|3.41 1, we derive that 


(3.41) 


sup J] (f(X'i)-E(f{X'))) > 5x 


< 


34 n 


Q(u)du + rj) J 1 Q( u ) du 


which combined with (|3.35|) ends the proof of the proposition, o 


3.4 A Rosenthal type inequality 

In this section, we give some upper bounds for the quantity ||TTi(/in, /t) ||p when p > 2 in ter ms of 
the coefficients « 2 ,x(fc) and of the quantile function Q. The function a^x is defined as in (3.211 
by replacing the coefficient ai ,x{k) by o; 2 ,x(fc). 

Proposition 3.5. For p > 2, the following inequality holds: 


where 


and S a ,n is the function defined in ^ 
Note that Inequality (3.421 writes also 

c p 


T [ ( q 2,x0 ) An) P 1 Q p {u)du , (3.42) 

Jo 

POO 

/ y/S a ,n(t)dt 

Jo 


\\Wi(n n ,p )\\r < + 1 ) P ~ / Q p (u)du. 

k=0 

Remark 3.9. Inequality (3.421 is similar to the Rosenthal inequality for partial sums given in 
Theorem 6.3 of Rio [51], with however two main differences: 

• Firstly, the variance terms is not the same, but this is because we consider the quan¬ 
tity ITi (/in, /r) and not only the partial sums, in accordance with the upper bounds for 


||ITi(/in,/t )||2 given in Subsection 3.2 


Secondly, Rio’s inequality is stated for a-mixing sequences in the sense of Rosenblatt [25] , 
and its proof relies on the coupling properties of these coefficients. Our result is valid for 
the larger class of a-dependent sequences as defined in 2.1 (with k = 2 for the index of the 
dependency), and the proof is based on a version of the Rosenthal inequality for martingales 
given in [23]. Note that Rio’s inequality cannot be applied to GPM maps, because the 
associated Markov chain is not a-mixing in the sense of Rosenblatt. 


Remark 3.10. Let r > 1 and p > 2. Starting again from (1.51 and following the proof of 
Proposition |3.5| we obtain the upper bound 


\\Wf(p n ,p)\\p < t r 1 y/S a ,n(t)dt 


P 

n p ~ 


T [ ( a 2 ,x( u )^ n ) P 1 Q rp (u)du. (3.43) 

Jo 


Remark 3.11. Inequality (3.421 implies in particular that if p > 2 and 

■' 2 ,x( m )) P ^ - Q p (u)du < oo , 


a. 


(3.44) 


io 


then 


II Wl(p n , M)||p ‘C /— ■ 
vn 
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Remark 3.12. In the m-dependent case, Inequality (3.421 becomes 


II W: 


^ ^ ^mdtJ+J = t ||A'o|| 


p 

p ■ 


This inequality seems to be new even in the i.i.d. case. Compared to the usual Rosenthal bound 
for sums of i.i.d. random variables, the variance term is replaced by the integral involving H, in 
accordance with the upper bound (3.8 1 . 


Example (continued). We continue the example of Subsection 3.1 


1. Let p > 2, and let g be positive and non increasing on (0, 1), with 

Q 

g(x) < — near 0, for some C > 0 and b £ [0, (1 — 7 )/p). 


Applying Proposition |3.5[ the following upper bounds hold. 
For 7 6 (0,1/2) 

V 2 


\ \ 11 „ j n if 6 < (2 - 7b + 2 ))/ 2 p 

II i{Hn,p))\\ P « \ „( P b+y-iy I r / if b> (2- 7 (p + 2))/2p. 

For 7 £ [1/2,1), ||Wi(An,M))l|p«n ( ^- 1)/p T 
2. Let p £ (0,1), and let g be positive and non decreasing on (0, 1), with 

(j 

g(x) < —-near 1, for some C > 0 and b £ [0,1/p). 

(1 — x) 


Applying Proposition |3.5[ the following upper bounds hold. 
For 7 £ (0,1/2) 

- 1/2 


\\Wi{ji„,n))\\ p < / (7 _ 1)(1 _ p6)/p7 


n if b < (2 - 7 (p + 2 ))/ 2 p(l - 7 ) 


if b > (2 — 7 (p + 2 ))/ 2 p(l - 7 ). 


For 7 £ [1/2,1), \\W 1 (p n ,p))\\ P <^n^- 1 ^ 1 - pb)/p \ 


Remark 3.13. In the case where 9 is the LSV map defined by (2.31 and g is the identity (which 
is a particular case of Item 2, b = 0, of the example above) all the rates for ||Wi(/tn, g))\\ P given 
in Subsections |3.2[ |3.3| and |3.4| have been obtained in Corollary 4.1 of m by using a different 
approach. Moreover, all the bounds are optimal in that case (see the discussion in Section 4.2 of 

HDD- 


Proof of Proposition 


3.5 


Inequality (3.421 follows from Proposition 3.6 below. 


Proposition 3.6. There exists a positive universal constant c such that, for any positive integer 
n, any x > 0, any p > 2 and any /3 £ (p — 2,p), the following inequality holds: 


IfV ^ r 

, (nWi{pn,p)>x)<c—sl in + ~^ m J 0 


rR n 1 (a?) 


R^ 2 (u)Q(u)du 

TTT /2 K /2 {u)Q{u)du, (3.45) 

J 1 (re) 


+ C 


where 


Rn(u) = (min{g £ N* : 02 ,x(<?) < u} An) Q(u) and R n 1 {x) = inf (u £ [0,1] : R n {u) < x} . 
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Indeed, 


i 


\\nWi(p n ,p)\\ p =p x p P (nWi(p„, p) > x) dx 


< n p/2 s p a „ + 


poo 

J n 1 / 2 s 


x p J P (nWi(p n , p) > x) dx . (3.46) 


To handle the second term on the right-hand side, we apply (3.451 with p 6 (2p — 2, 2p) and 
(5 £ (ji — 2,2p — 2). This gives 


poo p CX 

/ 2 P-1 P (nWl(p n , p) > x) dx <C n'^Sa^n / 

Jn 1 / 2 s a>n J n 1 

!■ [ Rn /2 (u)Q{u) [ 

Jo Jo 


rV-V-l 


+ n 


H x / 2 S Q) , 

P-/3/2-2 


dx 


1 ,dw 

u<R n (x) 


+ n Rj/ 2 (u)Q(u) / a; p p,/2 2 1 
ao ao 

Since u < R~ 1 (x) •<==> a; < R n (u), the choice of p and (3 implies that, for any p > 2. 

poo pi 

/ * p_1 P (nWi(p n , p) > x) da: n p ^ 2 Sa,n + n / R p ~ x (u)Q(u)du , 

J 71 1 / 2 Sq. tj, J 0 


SD -i/ % du . 

>R n (x) 


which together with (3.46) give (3.42). 

To complete the proof of Proposition |T5jit remains to prove Proposition |3.6[ With this aim, 
we proceed as for the proof of Propos ition |3.4| with the following modification: in the definition 
of R n (and then also of v defined in ( 3.27| |), cti.x is replaced by 02 ,x, and in the definition of 
q given in (3.301, ai,x is also replaced by 02 .x- Assuming first that q = n, we first notice, 
by following the proof of Proposition |3.4| that the bound ( |3.34[ ) is still valid. In addition since 
u < R~ 1 (x) <;==> x < R n (u), 


/ Q(u)du < a; - * 3 / 2 / R^J 2 {u)Q{u)du , 

Jo Jo 

which combined with (3.341 proves the proposition in case where q = n. 

From now on, we assume that q < n (therefore 02 .x(?) < v ). The bound (3.351 is still valid 
and combined with (|3.47[) gives 


(3.47) 


>(nIFi(/a„,/r) > 6a:) < P sup V (/(A'') - E (f(X'))) > 5x 


2 n 

x l+P/2 


rR n 1 (3:) 

/ Ri /2 {u)Q{u)du. (3.48) 

Jo 


As in the proof of Proposit ion |3.4| the first term on the right-hand side can be handled with the 
help of the decomposition (3.371. Clearly since ai.x(?) < Q 2 ,x(?) < v, the term Ii(n) in (3.371 
satisfies the inequality (|3.38|). Therefore taking into account (|3.47[) , it follows that 


h(n) < x ^ /2 J Rn /2 (u)Q(u)du. 


(3.49) 


We handle now the term R(n) in the decomposition ( |3.37| ). Using again Markov’s inequality, we 
get that for any rj > 2, 


1 / rQM 

I 2 (n) < — / 

xv \J-QM 


max 

2<2 j<[n/q] 




dt 
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Note that (I/ 2 i(t))iez (resp. (t/ 2 i-i(i))iez) is a stationary sequence of martingale differences 
with respect to the filtration (C/ 2 i)iez (resp. (t? 2 i-i)iez). By using the Rosenthal inequality of 
Merlevede and Peligrad m for martingales (see their Theorem 6), we get 


max 

2<2 j<[n/q] 




/i\ 


< (n/g) 1/,? 11 U 2 (t) 11 + {n/q) 1/v 


fcl+2«5/-7 


E 0 (X)UiM(t) 


6 \ 1/(25) 




where <5 = minjl, ( 7 ) — 2) x }. Since (t/ 2 i(f))iez is a stationary sequence of martingale differences 
with respect to the filtration (C/ 2 i)iez, 


Eo = ^E 0 [ill (t)) . 


Moreover Eo(t/fj(t)) < Eo (t/|i(f)). Therefore 


Eo I (££*(*) 
By stationarity 


< E !|Eo (£&(*)) -E (£71,(0)11 + £> (£&(i)) . 


72 


v /, N ||2 


where 


It follows that 


Y J ^{uUt))=k\\S' qy ., n2 , 

i =1 

q 

Sq(t) = ^2 ~ ^ ( 1X i- t )) ' 


max 

2<2 j<[n/q] 


£&<(*) 


ri/q] 


1/(25) 


< W?) 17 ’' ||'S'4(0|| 77 + {n/q) 1/2 ||5 , '(t)|| 2 + (n/g) 17 ’ 7 ( ^ ^ + 2 j/ r g LW 


where 


We have 


D k , q {t) = J2 ||Eo {Uii (t)) - E (14 


*7/2 ‘ 


Dk, q (t) <Q 2 Y] sup sup||E 0 ((l x /< t -E(l x /< t ))(lx.<t-E(l x /< t ))) 

2><>(»-l)«+l ‘6® 3 

— E((lx'< t — E(lx'<t))(lx'.<t — E(ljf'<t 

k 

<q 2 y2 sup sup||E 0 ((lx'<t-E(l x ;<t))(lx i <t-E(lx'<t))) 

1)3+1 ‘6® 3 

— E((lx'<t — E(lx'<t))(lx'<t — E(lx'.<t 


*7/2 


*7/2 


<9 2 5Z“2 7 x(*?+ 1 ). 
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where we have used the fact that g m is nondecreasing for the second inequality. Since ft < rj, 
Holder’s inequality gives 

Dk, q (t ) < q 2 k^~ f>)/rl fy^j fi/2 ~ 1 a 2 ,x{iq+ 1) 

\*=l 

Therefore, since ft > rj — 2, 



/ 

rQ(v) 

n 1/7) / 


-«(») 

T 77 ^ 


1 /( 2 5 ) 


57 fcl+26/r Dk ’l( t ') 


dt 


(kHv~P)/rl 
« HQ V O) 57 fc l+2 S/r, 


*7/(2 S) 


l /«] 


T, i p/2 1 a 2 ,x(ig+l) 


[™/?l 


<C nq 1 1 Q v (v) i P/2 1 ct 2 ,x.(iq + 1) • 


Note that since y < a 2 x(w) •<=> Q 2 ,x(j/) > u and a 2 ,x(?) < v, 


*2,x(*g+l) 


L^/yi I**/gj /»i 

y: i f)/2 ~ 1 oi 2 ,x{iq + 1) = y] j ,3/2_1 / l u<a2 

i=l i=l •'O 

r v l"/?] /.D 

<f y; i / 9 / 2 _i i i < 9 -i Q -i c(ll) <<r /3/2 f k,x(«)a«) 7 du. 

*/ 0 _i ’ «/ 0 


Hence 


/ 

rQ(v) 

n 1/rl / 

l' 

-Q(v) 

T 77 ^ 


^.1+24/t- 


\ 1/(25) \ 

D k ,q(t) s J dt I < nq l '- 1 ~ fi/2 Q r, (v) J (a^x( u ) A n)^ 12 du . 


Using (3.311 and the fact that u < v <==> Q(v) < Q{u), we infer that 


/ 


QM fe 1 i 

„l/*7 2^ 


'-QM q±/v \ S 


l.l+25/r- 


\ 1/(25) \ ” 

Dk, q (t) s \ dt I < nx’^^ 2 ” 1 / R^ 2 (u)Q(u)du. (3.50) 


rv 

Jo 


On another hand, since 


9-1 


|^(t)|| 2 <2gy|E(( 


k =0 


proceeding as to bound l 2 (n) in the proof of Proposition 3.4 we infer that 

v 

J a,n • 


(/ 


Q(«) „l/2 . 

"T/2 II^WlI 2 dt 1 <«’ 7/ Sa. 
-Q(*>) q 


(3.51) 


We prove now that 

7 


rQM n i/*7 


r -QO) 9 


!/„ ll S '9( t )|7 dt 1 < na7 p/2 


rv 

1 / R^ 2 (u)Q{u)du 

Jo 


+ na; 


* 7 / 2-1 


[ Rj/ 2 (u)Q(u)du. 

J V 

(3.52) 
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With this aim, assume first that we can prove that 


rQ(v) rQ(v) ( rH(t) \ 1 ^ v 

/ ||S'(t)|| dt < g 1/2 / / (a2,x( u ) A lY du ) dt, 

J-Q(v) Jo \J o J 


(3.53) 


then 


(/ 


-Q(v) d 1/v 


S 9 COII dt) <S A(n) + B(n ), 


where 

A(n) = nvq v ~ 1 Q v (v) and B(n) = nq 1 ^ 2 ^ 


( rQ( v ) ( rH(t) \ 

1 \ Jo (/ ( a 2 ,x(w) A (?) 7 duj 


1/17 \ 77 

dt I dx. 


Using (3.311, the fact that u < v -<==> Q(v) < Q(u ) and that u < R n 1 (x) = v <==> x < R n {u), 

PV 

"L 


we successively derive 

A(»i) < na;' ?_ 1 t)Q(v) < ni ’’” 1 ^ Q(u)c!r < / R?J 2 (u)Q(u)du. (3.54) 

On the other hand, since u < H(t ) •<==>• t < Q(u), we have 


pv 

-'L 


B(n) < nq n/2 1 ^ . ( j (a 2 x{u) A q) r ^ Q’ l/2+1 (u)dh 

■€in(qQ(v)) rl/2 ~ 1 f (a^x( u ) A n)’ ,/2 Q’ l/2+1 («)& . 

J V 


i/ v y 

du dt I dx 


Using (3.311, it follows that 


B(n) <g nx v ^ 2 1 f R v n /2 (u)Q(u)du. 

J V 


This last upper bound together with (3.541 show that to prove (3.521 it suffices to prove (3.531. To 
prove this moment inequality, we use Corollary 2 in 0. Since, for any f el, |l x / < t — E(lx'<t)| < 
1 , this gives 


,_/ /-mi)Hi , „ /9 \ 

\S' q {t)\\ v < y/2qri (7 (u) A (?) 7 du j 


1/17 


where Y(t) = l gM (x 0 )<t ~ E(l 9M (x o) <t) and 

OO 

7 _1 (m) = XIW) with 7(*0 = ||Eo (l 9M (x fc )<* - E (l S Mpr fc )<*))ll 1 ■ 

k =0 

Since (?m is nondecreasing 7 (fe) < ai,x(&) < cx 2 .x{k) in such a way that 7 _1 (w) < c^x( w )- 
Moreover, for any f £ R, 

||V(i)||i = 2 P(<?m(A' 0 ) < t)¥(g M (X 0 ) > t) < 2min{P(|X 0 | > -f),P(|X 0 | > *)} . 


All these considerations end the proof of (3.531. 
So, overall, we get 


-77/2- 

r " 


l 2 {n)<£Lx r, n v ^ 2 Sa l „ + nx ^ 2 1 f R^ 2 (u)Q(u)du + 

Jo 

With similar arguments, we can prove that 

h(n) <C x~ v n n ^ 2 Sa in + nx~ l3 ^ 2 ~ 1 f R^J 2 {u)Q(u)du + nx~ r, ^ 2 ~ x f 


1 f Rj/ 2 (u)Q(u)du. 

J V 

RjJ 2 (u)Q(u)du. 
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Therefore starting from (3.371 and taking into account (3.491, (3.41 and (3.41, it follows that 


sup V(/(X')-E(/(X'))) >5* 


<C x r 'n' l/2 sl, rl + nx 


1 f R%J 2 {u)Q{u)du + nx n1 f R^ 2 (u)Q(u)du , 

J 0 ./v 


which combined with (3.48) ends the proof of Proposition 3.6 


4 Weak convergence of partial sums in L l {m) 


Let ( S,S,m ) be a u-finite measure space such that L 1 (S, S, m) is separable. In what follows, we 
shall denote by L 1 (m) the space L 1 (S,S,m). 

We use the notations of Section[2] Let To = {Yo(t),t £ 5 1 } be a random variable with values 
in L 1 (m), such that 


/ 


|| Vo (t) ||i m(dt ) < oo and / Yo(t) m(dt) = 0. 


I' 


Define the stationary sequence Y = (V7)isz by V = Vo o T 1 , and let 


S n = Y^Yk. 

k =1 


4.1 Previous results 

If Y is a sequence of i.i.d. random variables, Jain [20] proved that n ~ 1 /2 S„ satisfies the CLT (i.e. 
converges in distribution to an L 1 (m)-valued Gaussian random variable) if and only if 


/ 


||Yo(f)|| 2 m(dt) < oo. 


(4.1) 


Using a general result by de Acosta, Araujo and Gine pQ, Dede [T] proved that the CLT remains 
valid under (4.11 for stationary and ergodic martingale differences (meaning that E(Vi|J r o) = 0 


almost surely). Starting from a martingale approximation, she proved then that, if Y is ergodic, 
the CLT holds as soon as 14.11 holds and 


J \\Po(Y k (t ))\\2 m(dt) < oo, 


(4.2) 


where P 0 (Y»,(i)) = E(Y fc (t)| Jb) - E(Y fc (t)| J-_i). 

In a recent paper, Cuny [B] has given many new results concerning the behavior of partial 
sums of dependent sequences in Banach spaces of cotype 2. Among these results, he showed that, 
if Y is ergodic, Vo is Jfj-measurable, (|4.l|) holds and 



||E(S„|J r o)|| 2 

n S/2 


m(dt) < oo, 


(4.3) 


then the CLT and the weak invariance principle (WIP) hold. By WIP, we mean that the partial 
sum process {n -1 ^ 2 £ [0,1]} converges in distribution to an L 1 (m)-valued Wiener process 
in the space Di,, ( m j ([0,1]) of L 1 (m)-valued cadlag functions equipped with the uniform metric. 
As usual, an L 1 (m)-valued Wiener process with covariance A is a centered Gaussian process 
W = {W(t),t £ [0,1]} such that E(|| W(t)||Li( m ) < oo for all t £ [0,1] and, for all /,g in L°°(m), 


Co Y (^J f( u )Wt(u) m(du), J g{u)W s {u) m(dh 


min{s, t}A(f,g) 
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(as usual, we identify a function / in L°°(m) with an element of the dual of L 1 (m)). 

Note that Cuny [6] also proved that the WIP holds u nder (14421), and that the almost sure 
invariance principl e wi th rate o(Vn In Inn) is true if either (4.21 of ( |4.3| holds. 

The condition (4.21 is the L 1 (m) version of Hannan’s criterion pig], and the condition (4.31 is 
the L 1 (m) version of Maxwell-Woodroofe’s criterion criterion [22]. If Yq is J-o-measurable, both 
criteria hold as soon as 

oo 

E fcTl / PffkWI-fiOlla m(dt) < oo . (4.4) 


As shown in [6], if either (|4.2[) or (4.31 holds, there exists a stationary and ergodic sequence 


of martingale differences (Hi)igz with values in L 1 (m), such that, setting M n = D, 


max 

l<fc<n 


J \Sk(t) - Mk(t)\ m(dt) 


= o{Vn). 


In the next subsections, we shall rather look for a martingale approximation in L 1 , in the spirit 
of Gordin m■ Our criterion will not be directly comparable to either \A.2\ or (|4.3|), but its 


application to the empirical distribution function of a-dependent sequences will lead to weaker 
conditions (see Section [H] for a deeper discussion). 


4.2 A central limit theorem in L 1 (m) for non-adapted sequences 

In this section, we give an extension of Gordin’s criterion m for the central limit theorem to 
L 1 (m)-valued random variables. 

Theorem 4.1. Assume that, for m almost every t, the series 

oo 0 

m = J2 Eo(Y fc (t)) and V(t) = - (Yt(t) - E 0 (Yk(t))) (4.5) 

k= 1 k = — oo 

converge in probability , and let 

n 

Do(t) = J2 (E 0 (Y fe (t))-E_ 1 (Y fe (t))) and M n {t) = E^o(f)oT fc . 

fcGZ k=1 


if 

then 


J \\U(t) + V(t)\\i m(dt) 


< oo . 


lim [ 

n—to o / 


S n (t) 

M n (t) 

\fn 

\Jn 


m(dt ) = 0 . 


If moreover, for m almost every t, 


C(t) = liminf — =E(|S , n (t)|) < oo and 

n—Kyo yj n 


I 


C(t) m(dt) < oo , 


(4.6) 

(4.7) 


(4.8) 


then 

J \\Do(t)\\ 2 m(dt) < oo , (4.9) 

and for any (si,..., Sd) in [0, l] d , the random vector w _1 ^ 2 (S'r nsi i,..., S'[„ s<J ]) t converges in distri¬ 
bution in (L 1 (m)) d to the Gaussian random vector (W S1 ,..., W Sd ), where W is the Li {m)-valued 
Wiener process W with covariance operator A defined by: for any /, g in Loo (m), 


A (f,g) =E^JJ f(t)g(s)D 0 (t)D 0 {s) m{di)m(ds)^J . 
Proof of Theorem |4.1| We first state the following intermediate result: 


(4.10) 


23 




















Proposition 4.1. Assume that, for m almost every t. 


Y 0 {t) = D 0 (t) + Z(t)-Z{t)oT, 


(4.11) 


where Do(t) is an integrable random variable such that E(Z?o(t)|-F-i) = 0 almost surely. Let then 
M"(*) = £Li D 0 (t)oT k .If 

J \\Z(t)\\i m(dt) < oo , (4.12) 

then holds. If moreover \f.9 1 ) holds, then the conclusion of Theorem \f.l\ holds. 

Before proving Proposition |4.1| let us continue the proof of Theorem |4.1[ Note first that, if 


(4.51 is satisfied, then (4.111 holds, with 


I? o(f) = ^(Eo(n(t))-E_ 1 (y fe (t))) and Z(t)oT = ^E 0 (F fc (t))- ^ (Y k (t)-E 0 (Y k {t))) . 

k=1 k= — oo 


Now, if Z(t) is defined as above, the conditions (4.6 1 and (4.121 are the same. Hence, it follows 
from Proposition |4.1|that (|4.7|) holds as soon as (|4.12[) is satified. The second part of Theorem 


4.1 will follow from Proposition 4.1 if we prove that (4.8 1 implies (4.91. By (4.6 1 it follows that 

(4.13) 


lim = 0 for m-almost every t. 


n—^cc ,/n 


Since S n (t ) = M„(t) + Z(t) — Z(t) o T n , we infer from (4. 13|) that, for m almost every t, 


lim inf = lim inf MnMl 


(4.14) 


From ( |4.14| ) and ( |4.8[ ), it follows that, for m almost every t, 

C(t) = lim inf ^ Mn ^ 1 < oo . 


Now, applying Theorem 1 and Remark 1.1 in Esseen and Janson El. we deduce that, for m 
almost every t, 


\\D 0 {t)h = \I^C{t), 


so that (4.8 1 implies (4.91. This completes the proof of Theorem 4.1 


Proof of Proposition 4.1 Since S n (t) = M n (t) + Z(t) — Z(t) o T”, it follows that 


/ 


S n (t) M„ ( t ) 


yjn yfn 


m(dt) < ~^= / ||Z(t)||i m(dt). 

i Vn J 


and (4.71 follows from (4.121. 

Now, let d be a positive integer, and let / be a separately Lipschitz function from (L 1 (m)) d 
to R. This means that there exists non-negative constants C\,... ,Cd such that 


|/(xi,..., Xd) — f(yi,..., yd)\ < 


d 

E«/ 

i=1 J 


Xi(t ) - yi(t )I m(dt). 


For such a / and any (si,..., Sd ) in [0, 1] , we get that 


E / 


^[nsi] 


-E / 


Mi 


ns,L] M[ nSd ] 

/- ) ' ' ’ 1 /- 


< 


d p 

£«/ 

i= 1 J 


S[n Si ](t) M[ na .](t) 


yjn 


m(dt ), 
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and it follows from (4.71 that 


lim 

n—too 


E / 


/— J ■ • • J /— 


-E / 


M, 


»»il 


Mi 


/n 


= 0. 


(4.15) 


Now, when (4.9 1 holds, Cuny [6] proved that the process {n 1 ' 2 M\ n o,t £ [0,1]} converges in 
distribution in the space i?Li(m)([0,1]) to an Li(m)-valued Wiener process W, with covariance 


operator A given by (4.101. Together with (4.151, this completes the proof of Proposition 4.1 


4.3 An invariance principle in L 1 (m) for adapted sequences 

In this subsection, we assume that the random variable Yq is JTj-measurable. 


Theorem 4.2. Assume that, for m-almost every t, the series U(t) defined in (4.5\ ) converges in 
probability. Assume also that, for m-almost every t, the series 


converge in L, and let 


L(t) = sup 


^y 0 (t)Eo(y fc (t)) 

n 

]rio(f)E 0 (Y k (t)) 


If moreover J ||[/(i)||i m(dt) < oo and 


J yW) 


m(dt) < oo , 


(4.16) 


(4.17) 


(4.18) 


then {n 1 ' 2 S[ nt ],t £ [0,1]} converges in distribution in the space t\i(m)([0,1]) to an Li(m) -valued 
Wiener process W, with covariance operator A defined by (f.10). 


(4.19) 


As an immediate consequence of Theorem |4.2[ the following corollary holds: 
Corollary 4.1. Assume that 


Y, || max{ 1, |Y 0 (t)|}|Eo(Yk(i))||| 1 m(dt) < oo . 

k> 0 

Then the conclusion of Theorem \4-S\ holds. 

Remark 4.3. Under the assumptions of Theorem |4.2[ we shall prove that the sequence 

2 


T n = - ( max / \Sk(t)\m(dt) 
n \l<k<nJ 


(4.20) 


is uniformly integrable (see Lemma [4.1| below). By standard arguments, this implies the following 
extension of Theorem|4.2| let ip be any continuous function from (D Ll ( m j([0,1]), || • ||oo) to R such 
that \ip(x)\ < C( 1 + 11*11^0) for some positive constant C. Then 


In particular 


lim E(^( ) ) =E ((iP(W)). 


lim E(T„) =E ( ( max^ J |Wt (a) | m(ds) 
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Proof of Theorem |4.2[ Note first that, in this adapted c ase, al l the conditions of Theorem |4.1 
are satisfied. Indeed, since for m almost every t the series (4.161 converge in L 1 , it follows that 
the series Co v(Yo(t),Y k (t)) converge, and then 


lim MftMl = Var(Y 0 (t)) + 2 V Cov(Y 0 (t), Y k (t)). 

1—^00 71 . * ^ 


Now, by definition of L(t), 


Var(Y 0 (t)) + 2 E Cov(Y 0 (t), Y k (t)) < 2L(t). 


Hence the condition (4.8 1 follows from (4.181 and the fact that 


C{t)< 




Var(Y 0 (f)) + 2^Cov(Yo(f),Yfc(t)) < y/2L(t). 


So, the conclusion of Theorem 4.1 holds with the the covariance function defined by (4.101. 

As usual it remains to prove the tightness, which reduces through Ascoli’s theorem to: for any 
e > 0, 

lim limsup -tP ( max / m(dt) > Jne ) = 0. 

S-K> 7i—>00 $ \i<fe<[n«] J ) 


But this follows straightforwardly from Lemma [4. 1 1 below by applying Markov inequality at order 
2. The proof of Theorem |4.2| is complete. 


Lemma 4.1. Assume that, for m-almost every t, the series defined in (4-16) converges in L 1 . 
Assume moreover that the function L defined in (4-1 1 ) satisfies \4-18 ). Then the sequence (T n ) n >i 
defined in (4-2C\) is uniformly integrable. 


Proof of Lemma |4.1[ We first note that, for any positive random variable V. 


E 




V <E 


max |S'fc(f)| m(dt) 


< 


(/ 


W max \S k {t)\ 

l</c<n 


i(dt) 


Taking V = 1 t„>m, we obtain that 


E (T„1t„>m) < — 


/IK 


max |Sfc(t)| 1 T n >M 

1 <k<n 


m(dt) 


Applying Inequality (3.12) in [XT] with A = 0, we get that 


(4.21) 


max \S k (t)\ 

l<k<n 


<16E 


Y k (t)J2MYi(t)) 


< 16 nL(t). 


(4.22) 


Using (4.181, (4.211, (4.221 and the reverse Fatou Lemma, we infer that 


lim limsupE (T n lT„>M) = 0 

M y OO ^ on 


as soon as, for m-almost every t, 


lim lim sup 

M—too 


—f= max \S k (t)\ 1 t„>m 

y/n \l<k<n 1 


= 0 . 


(4.23) 
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It remains to prove (4.231. In fact this follows q uite ea sily from Proposition 1 in m- Indeed, 
since for m-almost every t, the series defined in (4.161 converges in L 1 , it follows from this 
proposition that the sequence 

1 


, max \S k (t)\ 

Tl \ 1 <k<n 


is uniformly integrable for m-almost every t. Hence (|4.23|) holds as soon as 


lim lim sup P (T n > M) = 0 . 

M-¥ oo „_voq 


(4.24) 


Now, applying (4.211 and (4.221, 


P(T„ > M) < 


E(T, 


M ~ M 


J \JL(t) m(dt) 


and (4.241 follows. This completes the proof of Lemma 4.1 


4.4 An invariance principle in Li (m) for the empirical distribution 
function 

In this subsection, S = R, and m is a a-finite measure on R equipped with the Borel er-field. 
As in Section [2] let Xo be an Jn-measurable and integrable real-valued random variable with 
distribution function F. Define the stationary sequence X = (X;)iez by Xi = XqoT 1 , and denote 
by F Xk ij=o the conditional distribution function of Xk given Fq. 

The random variable Yf. is then defined by Yk(t) = lx k <t — F(t), in such a way that 


S n = Y, Y it = n(F n - F ), 

fc = l 

where F n is the empirical distribution function of {Xi,... ,X n }. Note that Yo is a L 1 (m)-valued 
random variable as soon as E(|Xo|) < oo. 

Theorem 4.4. Assume that 



ij 0 w -no iii m ( dt ) < °° ■ 


(4.25) 


Then {n 1/2 S' [ „ s] ,s £ [0,1]} converges in distribution in the space -D Ll ( m )([0,1]) to an Li(m)- 
valued Wiener process W. Moreover the explicit form of the covariance operator ofW is obtained 
via equation (f.lO) of Theorem f.l by taking Y k (t) = 1 x k <t — F(t). 

When applied to a-dependent sequences as defined in Section [2j Theorem |4.4| yields the fol¬ 
lowing result. 

Proposition 4.2. Let B(t) = F(t)( 1 — F(t)). The condition 



OO 

min{ai, x (fc), B(t)} m{dt ) < oo 

k -0 


(4.26) 


implies the condition f.25), and hence the conclusion of Theorem 4-4 Moreover, the covariance 
operator A of W can be expressed as follows: for any f,g in L 00 (m), 

A(f,g) = J 2 ^([[ 1 Xq <t ^(^))(lx fc <s F ( s )) 772(^)771(^5)^ . ( 4 . 27 ) 

bezT J ' 
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Proof of Theorem |4.4| and of Proposition |4.2[ Theorem |4.4| is a direct consequence of 
Corollary 4.1 applied to the random variables Yj, (t) = 1 x k <t~ F(t). More precisely, since | To (£) | < 
1, the criterion (4.191 is exactly the criterion (4.251. 

It remains to prove Proposition |4.2| We first quote that condition ( |4.26| ) implies ( |4.25| ): this 
follows easily from the two upper bounds given in (3.191. It remains to prove that the covariance 
operator A given in (4.101 can be expressed as in (4.271. As usual, we identify a function / in 
L°°(m) with an element of the dual of ILr(m), and we write 


/ 


f(Y k ) = / f(t)Y k (t) m{dt). 


By Remark 4.3 we know that, for any / in L°°(m), 


lim -E (( f(S n )) 2 ) = E ((/(IPi)) 2 ) = A(/, /). 

n—too n 

Now, if we can prove that, for any f,g in 

5Z \ c °v(f{Yo),g{Yk))\ < 00 , 


(4.28) 


(4.29) 


then the series 


is well defined, and 


A(/,5) = ^Cov(/(Fo),s(n)) 




lim —E ((f(S„)) 2 ) = A(/, /). 

n—t oo TL 


(4.30) 


From (4.281 and (4.301, we infer that, for any / in L°°(m), A(/,/) = A(/,/). Applying this 
equality to /, g, and / + g it follows that, for any /, g in L°°(m), 

A(/,fl) = A (f,g) , 

which is the desired result. To prove (|4.29 1, we first note that 


|Cov(/(Y 0 ),s(Y fc ))| < 

Now 
Hence 


oo uy oo 


J j ||(lx 0 <t - F(t))E 0 (l Xk <s - P(s))||i m{dt)m(ds). 
(1 x 0 <t - F(t))E 0 (l Xk < s - P(s))||i < min{ai, x (fc), 2 B(t), 2B(s)} . 


J2 l!(lA- 0 < t - F(t)) E 0 (lx fc < s - F(a))\\i < 2, 


fc =0 

This implies that 


\ k =0 


^ m m{a i , x (A:),B(s)} . 

\ k =0 


£|Cov(/(Yo), S (Y h ))| < 2||/|| 

k£Z 


oo y oo 


y^ / min{ai, x (fc), B(t)} m(dt) 

\ k =0 j 


and (4.291 follows from (4.261. This completes the proof of Proposition 


4.2 
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5 Quantile conditions 


As a consequence of the results by Dede [7] or Cuny [6] (see the condition (4.41 of Subsection 4.11 
we know that the conclusion of Theorem 14.41 holds as soon as 


(5.1) 


°° i r 

E r, —r-r / ~ F ( t )h m ( dt ) < 00 ■ 

Vk + l J 


Moreover, it follows from [Bj that the condition also implies the strong invariance principle. 
Let B(t) = F(t)( 1 — F(t )). As quoted by Dede (2009), the condition (5.11 is implied by 


[ i/mi 


min{ai,x(fc), B(t)} m(dt). 


(5.2) 


The conditions (4.261 of Proposition 4.2 and the condition (5.21 are not easy to compare. However, 


if either m has finite mass or Xo is bounded, then ( |4.26[ ) is equivalent to 

OO 

y ai,x(fc) < oo 


and (5.2 I is equivalent to 


E 


on ,x(fc) 


k 


< oo. 


(5.3) 


(5.4) 


Hence, in that case, the condition ( 4.26| ) is weaker than the condition (5.21, and is in fact equiv¬ 
alent to the minimal condition to get the central limit theorem for partial sums of stationary 
Q-dependent sequences of bounded random variables. 

We shall now focus on the the case where m = A is the Lebesgue measure on R. In that case, 


the condition (5.2 I is equivalent to 

°° -| COO 

E /I—r~r / V m i n ( Q i,x(fc), H(t)} dt. 
Vk + l Jo 


(5.5) 


and the condition ( |4.26[ ) is equivalent to ( |3.1[ ). We shall see that the condition ( |3.1| ) is always 
weaker than the condition (|5.5|). The first step is to express (3.1l and (5.51 in terms of the quantile 


function of A'o, as done in [12] for the invariance principle of stationary a-mixing sequences. More 
precisely, we shall compare the three following conditions: 


r 

L 


/ a 1 (u)Q 2 (u)du < oo , 

(5.6) 

a 1 {u)Q{u ) 

—^======= du < oo , 

\lSo a ~^ x ) dx 

(5.7) 

1 ^/a- 1 (u)Q{u) 

-—- du < oo , 

(5.8) 

Vu 

1 the function a)~x defined in (3.211. 

The condition (5.6) 


has been introduced by Doukhan, Massart and Rio but in that paper the function a 1 is 


defined with the a-mixing coefficients of Rosenblatt [25] . These authors showed that (5.6 1 implies 
the functional central limit theorem for the Donsker line 

f M ) 

j ^E( A ' fc - E (- Yfe ))’ t€ [°,i] | > 

and that it is optimal in a precise sense. The optimality of this condition has been further 
discussed in a paper by Bradley 0. The fact that, for ergodic sequences, this functional central 
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limit theorem remains true with the much weaker coefficients on,x(&) is a consequence of a result 
by Dedecker and Rio Ha- 

Concerning these three quantile conditions, our first result is Proposition |5.1| below. 
Proposition 5.1. The following equivalences hold 

1. The condition 15.6 p is equivalent to 


p oo / 00 

/ ME- 

JO V u — n 


min{o;i,x(fc), #(£)} dt < oo . 


(5.9) 


2. The condition (5.1) is equivalent to & 

3. The condition (5.8) is equivalent to (5.5). 

The hierarchy of these quantile conditions is given in Proposition |5.2| below. 


Proposition 5.2. The following implications hold: ( 5.8\ ) => (5.1) => (5.6). 

Remark 5.1. At this point, it should be noticed that these three conditions are in fact very 
close. Indeed, by a simple application of Cauchy-Schwarz inequality, for any b > 1/2, 


(5.61 


1 \/a~ 1 (u)Q(u) 

+ ln(u)| i> 


Jo \/“|l 


du < 00 


and the condition on right hand is a slight reinforcement of (5.8 1 . 

Assume that J Zk>o a i.x(fc) < 00 . Then the function S defined on 


5.1 


Proof of Proposition 

K+ by 


is finite and non-increasing. 


S(t) = ^ min{ai, x (fc), H(t.)} 


(5.10) 


Proof of Item 1. By a simple change of variables, we see that the condition (5.91 is equivalent to 

PM 


dt < 00 . 


Since 


it follows that 


00 „j 

S(*)=E / 

J 0 




r H {t) 

Jo ' 


_1 (u)du 


(5.11) 


J s(Vtj dt = J o « 1 ( u ) 1 u<»( v T) d u) dt 


1 t<Q 2 (u ) dt 1 du 


/«- 


( u)Q 2 (u ) du, 


which concludes the proof of Item 1. 


Proof of Item 2. Starting from (5.11), it follows that 


roo 00 poo I rH(t) 

/ , min{Qi,x(fc), H (t)} dt= \ a _1 (w) du dt. 

Jo \k^o ' V Jo 


(5.12) 


Let 


G a (x) = 


UP' 


( u ) du. 
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From (5.121, we infer that 


/* oo 00 r 00 n 1 

io \J fc=0 io io 

-// 


dv dt 


1,^^/^—i/ xx dt dv 

t<Q{G a (v)) 


f 


= / Q o G a (v) dv . 


Making the change of variables w = G Q , 1 (v), the result follows. 
Proof of Item 3. Note first that 

COO / pi 


POO 

/ \/mi 
Jo 


min{ai,x(A;)j H(t)} dt = 


as: 


\-u 2 <&i ) x(^ c ) <H(t) du ^ dt 

(5.13) 

n, 2 <ctix (^) du • 

(5.14) 


Now u 2 < a?i,x(fc) if and only if k < a 1 {u 2 ). Hence, there exists two positive constants A and 
B such that 


" 1 

A^/a-Uy ) < ^ ^=1„2< Q1 x(fe) < Bx/a-'M . 

fc=l v k 


Finally 


00 -| f OO _ P 1 

—= / •\/min{ai i x(fc), 7/(4)} dt < oo iff < / ^/a^ 1 (u 2 )Q(u 2 )du < oo . 
k=1 Vk Jo Jo 

Making the change of variables v = u 2 , the result follows. 

Since the function oT 1 is non-increasing, one has 


Proof of Proposition 


PU 

/ a _1 (a;) dx > ua _1 (u), 

Jo 


which proves that ( |5.8[ l implies 

It rem ains to prov e that (5.71 implies (5.6 1 . By Proposition 5.1 it is e quiva lent to prove 
that (3.1) implies (5.9). If (3.1) holds, then the function S defined on R + by (5.101 is finite and 


non-increasing. Hence, using again ( |3.1| ), 

_ ft _ f OO _ 

t^/sft) <2 00) ds < C, with C = 2 / y/S(s) ds . 

Jt/2 JO 


Consequently tS(t) < C^/S(t), proving that (3.11 implies (5.9). 


5.1 Sufficient conditions 


In this subsection, we give some simple conditions on Oi.x(fc) and H under which (5.71 (and hence 
(3.1)) is satisfied. 


Proposition 5.3. The following conditions imply 5.7); 

1. 

P -2 

E(|Xo| p ) < oo for some p > 2, and - < oo . 

k> o 


P —2 

fc 2 (P- 1) 
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2 . 


3. 


4 - 


p — 2 

H(t ) = 0(t~ p ) for some p > 2, and - < oo . 

fc>o v ■k 

f°° 0-1 / 1 \ 

J' ( H(t )) 20 dt < oo and a.\ ,x(&) = O^ —J f or some a > 1. 


oo / / \\ (a ~ 1} 

l ( In ( 1+ ^)) dt<o ° andai ^ k) =°(m^) for 


some a > 1. 


5. 


C dt < oo and an,x(fc) = 0(a k ) for some a < 1. 


Proof of Propositio n |5.3| 

Proof of Item 1. Since ( |5.8| ) implies (5.71, it suffices to prove that Item 1 implies (5.8 1 . Applying 
Cauchy Schwarz, we obtain that 


L 


1 V<^m du <( f 1 Q{u y du 


Jo QiuYdU ) [Jo 


a~ 1 (u)\ 2( p- 1 > 


du 


Since E(|.Yo| p ) < oo, the first integral on right hand is finite. It remains to prove that 


ro 


(u)\ 


du < oo . 


By definition of a 1 , this is equivalent to 


. P [“I 

k> 0 ''“I. 


“i,x(*0 


u 2 (r- 1 > du < o o . 


:(fc+i) 


The last condition means exactly that 


T ((ai, x (fc))sfMiT - (ai,x(fe + < oo , 


which is equivalent to the condition of Item 1. 

Proof of Item 2. Again, it suffices to prove that Item 2 implies (5.81. Now, the condition 
H(t ) = 0(t~ p ) is equivalent to Q(u ) = 0(u _1 ' p ). Hence, the condition (5.8 1 holds as soon as 

f 1 \/ a _1 (n) 

/ ——j—j —du < oo . 

io UP +2 

By definition of aA 1 , the last condition means exactly that 

r, ^(ai, x (A;))^p" - (ai, x (fc + 1))^") < oo, 
fc >0 


which is equivalent to the condition of Item 2. 

Proofs of Item 3, 4 and 5. For the proof of these points, we start from condition (3.11 which 
is equivalent to ( |5.7| ). Since we can control the behavior of oq,x(fc), we can give upper bounds for 
the function S defined by (5.10l. 

If ai,x(fc) = O (j^) for some a > 1, then S(t) = O H(t )) a 
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Ifai,x(fc) = o( 


fc(ln(fc))' 


1 


j for some a > 1, then 


S(t) = O 



If ai,x(fe) = 0(a k ) for some a < 1, then 5(t) = O ( H(t ) |ln(//(t))|). 

Item 3, 4 and 5 follow from these upper bounds and condition ( |3.1| ). 
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